Introduction
The pixon concept was introduced by Pina and Puetter in 1993. The pixon they introduced was a set of disjoint regions with constant shapes and variable sizes. Their pixon definition scheme was a local convolution between a kernel function and a pseudo image. The drawback of this scheme was that after selecting the kernel function, the shape of the pixons could not vary. Yang and Jiang presented a new pixon definition scheme, whose shape and size can vary simultaneously. They also used the anisotropic diffusion equation to form the pixons and finally they have combined the pixon concept and MRF for segmentation of the images. Recently, another well-behaved pixon-based image representation is proposed [Lei Lin et al., 2008] . In their presented scheme the pixons combined with their attributes and adjacencies construct a graph, which represents the observed image. They used a Fast QuadTree Combination (FQTC) algorithm to extract the good pixon-representation. These techniques integrated into MRF model. The main disadvantage of MRF-based methods is that in these algorithms the minimization problem of objective function is very time consuming. The most novel method which uses pixon concept to segment the images is introduced by Hassanpour et al. In this method, first a pre-processing step is performed which applies the wavelet thresholding technique. This step is suitable for image smoothing due to the noise reduction property of wavelet thresholding. To avoid over-smoothed problem, the value of the threshold must be assigned properly. Then, the pixon-based algorithm is used to form and extract the pixons. Finally, the Fuzzy C-Means (FCM) algorithm is applied to segment the image. The advantage of using pixons is that after forming the pixons the decision level changes from pixels to pixons and this decreases the computational time, because of the fewer number of pixons compared to number of pixels. This is the key aspect of pixon-based algorithms in image segmentation.
Description of pixon model
In any pixon definition scheme, the ability to control the number of degrees of freedom used to model the image is the key aspect. In other word, the pixon definition scheme should yield an optimum scale description of the observed image. The pixon definition scheme which is used in this method can be described as follows: 
where IP is the pixon-based image model; m is the number of pixons; P j is a given pixon, which is made up of a set of connected pixels, a single pixel or even a sub-pixel. The mean value of the connected pixels making up of the pixon is defined as the pixon intensity. Both the shape and size of each pixon vary according to the observed image. After the pixonbased image model is defined, the image segmentation problem is transformed into a problem of labeling pixons. The procedure to determine the set of pixons, i. e. their shape and size, can be divided into three steps: 1) obtain a pseudo image, which has at least the same resolution as the observed image; 2) use an anisotropic diffusion filter to form the pixons; and 3) use a simple hierarchical clustering algorithm to extract the pixons. Obtaining the Pseudo Image; The pseudo image is a basic image to form the pixons and to obtain a segmented image, which is derived from the observed image. Suppose the dimension of the observed image is D M × D N , then the dimension of the pseudo image can be lD M × lD N , where l = 2 n . When n = 0, the pseudo image is the observed image itself. When 1 n ≥ , the pseudo image can be obtained by the following iterative process In the above iterative process, 1 I corresponds to the observed image. The essence of the process is increasing the resolution through interpolation to describe the image parts, which have a lot of details. Parameter n is of great importance. If n1 ≥ , then the resolution of the pseudo image is larger than the original image and the finally pixons formed are probable to be a sub-pixel. So, it determines the smallest size of the pixons. In the image parts, where the intensities of nearing pixels are similar, which means having little information, the intensity of newly inserted pixels will be similar with the intensities of the pixels in the observed image, from which the new pixels are obtained through interpolation. So there is a little difference whether the pixons are derived from the original observed image or interpolated pseudo image. However, in the image parts, where have a lot of details, it will be better to derive the pixons from the interpolated pseudo image than from the original observed image. So, it is probable that a pixon is a sub-pixel to fully model the corresponding image parts. Therefore, if the image has many details, it should be large, otherwise it should be small. In current implementation, we let n 0 = .
Formulation of Pixon;
To form the pixons based on the pseudo image, let us consider the following anisotropic diffusion equation [Perona & Malik, 1990] 
where C(x,y,t)is the diffusion coefficient, which controls the diffusion strength. The partial differential equation is used to model the heat diffusion process. In regions with a large diffusion coefficient, the temperature tends to be uniform. While temperature differences will be retained in regions with small diffusion coefficients. We can view the pseudo image intensity as the temperature of the temperature field and the transformation of the gradient as the diffusion coefficient. The transformation function is
where K is a constant. To be convenient, the solution of the diffusion equation is called solution image. In the solution image, the intensity of the regions having less information (having fewer edges) will tend to be uniform and vice versa. So, the "regions" having similar intensity in the solution image can be regarded as the pixons in our image model. The diffusion equation can be approximately solved by the following discrete formulation: 
498
To ensure the convergence of the above iteration process, the parameter t Δ should not be too large (here, t0 . 2 5 Δ = ). Larger values of K increase the pixon size. To describe the details of the image, K could not be too large (here K 5 = )
Extraction of the Pixons; After forming the pixons according to the pseudo image, a segmentation method is applied based on hierarchical clustering to extract them. For this purpose, initially each pixel represents a cluster. Then the clusters are merged according to their intensities and made greater pixons. The mean value of the connected pixels making up of the pixon is defined as the pixon intensity. Both the shape and size of each pixon can vary according to the observed image.
To stop the algorithm, a threshold value, T, is assigned and the mergence process iterates until the difference between intensities of two adjacent pixons would be smaller than the threshold value (here, T = 10). The pixon-based image model is represented by a graph structure G = (Q,E) , where Q is the finite set of vertices of the graph and E is the set of edges of the graph ( After the pixon-based image model is defined, the image segmentation problem is transformed into a problem of labeling pixons. While the pixons are extracted, the image is divided into a set of disjoint regions. The extraction of pixons can be considered as a primary segmentation. In TPB method, to obtain the final segmented image, the combination of pixons is continued until the end condition of process occurs. This condition is the number of segments in final segmentation purpose.
MPB method
Pixon-based image segmentation using Markov Random Field (MRF) model is presented by (Lei Lin, et al 2008) . In this method, first an image is expressed as a pixon-based model. As we said before, pixons are a set of disjoint regions with variable shape and size. These pixons are combined with their attributes and adjacencies construct a graph which represents the observed images. Then using this pixon-representation, a Markov Random Field (MRF) model is presented to segment the images. In current procedure, a set of significant attributes of pixons and edges are introduced into the pixon-representation. These attributes are integrated into the MRF model and the Bayesian framework to obtain a weighted pixon-based algorithm. Also, a Fast Quad Tree Combination (FQTC) algorithm is used to extract the good pixon representation.
Definition of pixon representation
be the set of all the image pixels. A subset of X is a pixon if and only if all the pixels in it are connected. A pixon is then denoted by
An attribute vector of the pixon is extracted from the observed image 2 (, , ,
where i n is the number of pixels in i P , i b is the perimeter of i P , namely the length of the boundary between i P and the other part of the observed image, 
The above definition shows that the pixon-representation segments the image into a set of disjoint regions. A set of edges, E , can be acquired from these regions,
where i P and j P are adjacent if ik i X P ∃ ∈ and ji j X P ∈ , which are neighboring pixels to each other in the image.
The strength of an edge can be defined as the length of the boundary between the two adjacent pixons, which is denoted by ij b , so ii j j bb = ∑ . An attribute vector, ij e , is used to denote all the attributes of an edge.
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The pixons and edges, combined with their attribute vectors, construct a graph,
which represents the observed image, as shown in Fig. 2 .
Shortest pixon-representation with respect to a discriminant
There are two trivial pixon-representations,
The former takes all the image pixels as one pixon; the latter takes each pixel as a pixon, which is a lossless representation. In order to represent the image using as few pixons as possible while limiting the representation error, the shortest pixon-representation with respect to a discriminant is defined. In general, using the pixon attribute vector to describe the region of the observed image will loss some information, so a pixon error function is used to denote the error between the pixon and the region of the observed image. In this method error function is defined as
. With a given discriminant ( ) f. T ≤ the shortest pixon-representation use the least number of pixons to represent the image, so we consider it the best pixonrepresentation whose pixons' errors do not exceed the threshold, T .
Extraction of pixon-representation
The shortest pixon-representation with respect to a discriminant is not unique, as shown in Fig. 3 . And it is hard to extract the shortest one from a large and complex image. In this section, an approach to extract a GOOD pixon-representation is presented, which combines the adjacent pixons of the lossless pixon-representation,
Px | x X =∈ , iteratively, until no pixons can be combined considering the given discriminant. The obtained good pixonrepresentation is dependent on the order of combination besides the discriminant. 
where ij b is the edge strength, i.e. the length of the boundary between i P and j P. It can be proved that
is still a pixon-representation. And the edge set of the new pixon-representation can be obtained from E by combining the edges connecting the same two pixons after the pixon combination. In fact, the pixon-representation obtained by combination scheme may not always be the shortest, which is dependent on the order of combinations. However, it is a substitute to the shortest, for the number of pixons has been sharply cut down.
Fast Quad Tree Combination algorithm
A fast Quad Tree combination algorithm is used to extract the shortest pixon-representation here. Firstly, a QuadTree-based multi-resolution pixon-representation is constructed, as shown in Fig. 4 . Finally, the pixons connected by the edge with the minimal edge error are combined iteratively, until the minimal edge error is larger than T. If the image region is not a square whose edge length is the power of 2, the multi-resolution pixon-representation can be constructed as follows. Firstly, the image is put into a large enough square like (a) in Fig. 4 . For each scale, the pixon is then defined as the set of pixels falling into a square of this scale; the squares including no pixel are ignored. An example using the fast Quad Tree combination algorithm is given in Fig. 5 , where the error function is defined as
Image segmentation based on pixon-representation
In this method, a Markov random field model-based image segmentation approach under Bayesian framework is used based on pixon-representation. The noise model of the Bayesian framework in this approach is based on the pixel intensity.
Bayesian framework
Let I be the observed image and S be the segmented image. In the Bayesian segmentation framework, the segmented image is obtained by maximizing the posterior probability, 
where K is the number of classes, K is the set of pixels segmented into the Kth class, and k u is the intensity mean of pixels in K . Let
{ }
GP , E = be a pixon-representation of I. Since the characteristics of pixels in each pixon are similar, we assume that the pixels in one pixon will be segmented into the same class. So using (7) and (15) 
The computation of ( ) P I|S is simplified since the number of pixons is far less than that of pixels. () P S is the prior probability. In this method, the MRF model based on the pixonrepresentation is adopted to define the prior probability distribution as follows. Ll , , l =… be a family of random variables where 1 l Λ ∈ denotes the label of ith pixon and N is the number of pixons. The segmented image S can then be described by the event, L ω = , since we assume that the pixels in one pixon will be segmented into the same class.
Let Ω be the set of all possible configurations, 
In this method, the set of cliques is defined as
where each pixon in
GP , E = defines one clique. And the clique potential is defined by
where ij η is a binary variable which has the value 1 if i P and j P have the same label and the value 0 otherwise; In all, the prior probability is defined as
Optimization
From (13) and (14), the optimal segmented image can be written as
Using (16) and (25), the objective function is then obtained,
where α 1/T = is a weight of MRF model, which denotes the tradeoff between the fidelity to the observed image and the smoothness of the segmented image. The constant term has been removed from the objective function. The class number K and the weight α are given before optimization. The initial segmented image is obtained using Fuzzy C-Means (FCM) clustering, and the initial parameters of each class are estimated from the initial segmented image, i.e. the means k u and variances k σ .
Then the threshold T is computed, the value of T should not be too large, otherwise the pixon will contain many pixels which actually belong to two different classes. So we using follow empirical function: 
WPB method
Pixon-based approach using wavelet thresholding is a recently developed image segmentation method [Hassanpour et al, 2009] . In this method, a wavelet thresholding technique is initially applied on the image to reduce noise and to slightly smooth the image. This technique causes an image not to be oversegmented when the pixon-based method is used. Indeed, the wavelet thresholding, as a pre-processing step, eliminates the unnecessary details of the image and results in a fewer pixon number, faster performance and more robustness against unwanted environmental noises. The image is then considered as a pixonal model with a new structure. The obtained image is segmented using the hierarchical clustering method (Fuzzy C-Means algorithm).
Pre-Processing step
As mentioned above, the wavelet thresholding technique is used as a pre-processing step in order to smooth the image. For this purpose, by choosing an optimal wavelet level and an appropriate mother wavelet, the image is decomposed into different channels, namely lowlow, low-high, high-low and high-high (LL, LH, HL, HH respectively) channels and their coefficients are extracted in each level. The decomposition process can be recursively applied to the low frequency channel (LL) to generate decomposition at the next level. The suitable threshold is achieved using one of the different thresholding methods and then details coefficients cut with this threshold. Then, inverse wavelet transform is performed and smoothed image is reconstructed.
Wavelet thresholding technique
Thresholding is a simple non-linear technique which operates on the wavelet coefficients. In this technique, each coefficient is cut by comparing to a value as the threshold. The coefficients which are smaller than the threshold are set to zero and the others are kept or modified by considering the thresholding method. Whereas the wavelet transform is good for energy compaction, the small coefficients are considered as noise and large coefficients indicate important signal features [Gupta & kaur, 2002] . Therefore, these small coefficients can be cut with no effect on the significant features of the image. Let i,j X {X , i, j 1, 2M } == … denotes the M M × matrix of the original image. The two dimensional orthogonal Discrete Wavelet Transform (DWT) matrix and its inverse are implied by W and 1 W − , respectively. After applying the wavelet transform to the image matrix X, this matrix is subdivided into four sub-bands namely LL, HL, LH and HH [Burrus et al., 1998 ]. Whereas the LL channel possesses the main information of the image signal, we apply the hard or soft thresholding technique to the other three sub-bands which contain the details coefficients. The outcome matrix which is produced after utilizing the thresholding level is denoted as L matrix. Finally, the smoothed image matrix can be obtained as follows:
The brief description of the hard thresholding is as follows:
where Y is an arbitrary input matrix, ( ) γ Y is the hard thresholding function which is applied on Y , and T indicates the threshold value. Using this function, all coefficients less than the threshold are replaced with zero and other coefficients are kept unchanged. The soft thresholding acts similar to the hard one, except that in this method the values above the threshold are reduced by the amount of the threshold. The following equation implies the soft thresholding function:
where Y is the arbitrary input matrix, ( ) η Y is the soft thresholding function and T indicates the threshold value. The researchs indicates that the soft thresholding method is more desirable in comparison with the hard one because of its better visual performance. The hard thresholding method may cause some discontinuous points in the image and this event may be a discouraging factor for the performance of our segmentation. Three methods are presented to calculate the threshold value, namely Visushrink, Bayesshrink and Sureshrink. The method Visushrink is based on applying the universal threshold [Donoho & Johnstone, 1994] . This thresholding is given by σ 2logM where σ is standard deviation of noise and M is the number of pixels in the image. This threshold does not adapt well with discontinuities in the image. Sureshrink is also a practical wavelet procedure, but it uses a local threshold estimated adaptively for each level [Jansen, 2001] . The Bayesshrink rule uses a Bayesian mathematical framework for images to derive subband-dependent thresholds. These thresholds are nearly optimal for soft thresholding, because the wavelet coefficients in each subband of a natural image can be summarized adequately by a Generalized Gaussian Distribution (GGD) [Chang et al., 2000 ].
Algorithm and results
Our implementations on several different types of images show that "Daubechies" is one of the most suitable wavelet filters for this purpose. An image is decomposed, in our case, up to 2 levels using 8-tap Daubechies wavelet filter. The amount of the threshold is assigned by the Bayesshrink rule and this value may be different for each image. This algorithm can be expressed as follows. First image is decomposed into four different channels, namely LL, LH, HL and HH. Then the soft thresholding function is applied on these channels, except on LL. Finally the smoothed image is reconstructed by inverse wavelet transform. Figure 6 shows the result of applying wavelet thresholding on the Baboon image. It can be inferred from this figure that the resulted image has fewer discontinuities than the original image and its smoothing degree increased and will be resulted in a fewer number of pixons.
In order to obtain a better view about pixonal image, we indicate the effect of pixon forming stage on an arbitrary image. As illustrated in Fig. 7 , the boundaries between the adjacent pixons are sketched so that the image segments are more proper. 
Image Segmentation using pixon method
In this approach the wavelet thresholding technique is used as a pre-processing step to make the image smoothed. This technique is applied on the wavelet transform coefficients of image using the soft thresholding function. The output of pre-processing step is then used in the pixon formulation stage. In TPB algorithm, after obtaining the pseudo image, the anisotropic diffusion equation was used to form the pixons. In WPB algorithm, utilizing the wavelet thresholding method as a pre-processing stage eliminates the necessity of using the diffusion equations. After forming and extracting the pixons, the Fuzzy C-Means (FCM) algorithm is used to segment the image. The FCM algorithm is an iterative procedure described in the following [Fauzi & Lewis, 2003] . A smaller value of w, i.e. w is close to unity, will give the zero/one hard decision membership function, and a larger w corresponds to a fuzzier output. Our experimental results suggest that w = 2 is a good choice. Figure 8 illustrates this method block diagram.
Evaluation of the pixon-based methods
In this section the pixon-based image segmentation methods are applied on several standard images and the results of these implementations are extracted. For this purpose, commonly used images such as baboon, pepper and cortex are selected and the performance of applying the mentioned methods on them is compared. In order to evaluate these methods numerically, several experiments have been carried out on different standard images and some criteria such as number of the pixons in image, pixon to pixel ratio, normalized variance and computational time are used which are introduced in following.
Measurements
Computational time; In most applications, the time which is consumed to perform algorithms is an important parameter to evaluate them. So, researchers always seek to decrease the computational time. Number of pixons and pixon to pixel ratio; As expressed previously, after forming the pixons, the image segmentation problem transformed to labeling the pixons. So, decrement in the number of pixons and related pixon to pixel ratio results in a decrement in computational time. Certainly it should be noted that the details of the image do not eliminate in this way. Variance and Normalized Variance; One of the most important parameters used to evaluate the performance of image segmentation methods is the variance of each segment. The smaller value of this parameter implies the more homogeneity of the region and consequently the better segmentation results. Assume that after the segmentation process, Fig. 8 . The block diagram of the proposed method the images are divided into K segments with different average values which we have called these segments as "Classes". In addition to the typical variance, the normalized variance of each image can be calculated. If k N and V(k) denotes the number of the pixels and the variance of each class respectively, the normalized variance of each image can be determined as below: 
In the above equations, k denotes the number of classes, ( ) Ix , y is the gray level intensity, M and N are the averaged value and the number of pixels in each image respectively.
Experimental results
In this section, results of applying the TPB, MPB and WPB methods on several standard images are considered. Figs. 9(a) , 10(a) and 11(a) are the Baboon, Pepper and Cortex images used in this experiment. Figs. 9(b), 10(b), 11(b) and 9(c), 10(c), 11(c) show the segmentation results of TPB and PMB methods, respectively. The segmentation results of WPB method are illustrated in Figs. 9(d) , 10(d) and 11(d). As shown in these figures, the homogeneity of regions and the discontinuity between adjacent regions, which are two main criteria in image segmentation, are enhanced in WPB method. In addition, several experiments have been carried out on the different images and the average results are drawn in several tables. In Table 1 , the number of pixons and the ratio of Pixon-Pixel in the three methods are shown. As can be seen from this table we can find that these parameters are decreased significantly in WPB method in comparison with two other methods which resulted from applying wavelet thresholding technique before forming pixons. Table 2 shows the computational time required of the three methods (Intel(R) Core(TM)2 Duo CPU 2.20 GHz processor, with MATLAB 7.4). By using pixon concept with wavelet thresholding technique in the WPB method, the computational cost is sharply reduced. Since the MRF technique, because of its complicated mathematical equations, is a time consuming process, the MPB method expends much time compared to TPB method. In this experience, after the segmentation process, the images are divided into three segments or Classes. The variance and average of each class are listed in Tables 3-5, for mentioned images. In most cases, the variance values of the classes of different images in WPB method are smaller in comparison with the other methods. In order to investigate the performance of methods more exact, the normalized variance of each image after applying the 
Conclusion
This chapter provided an introduction to the pixon-based image segmentation methods. The pixon is a set of disjoint regions with variable shapes and sizes. Different algorithms were introduced to form and extract the pixons. Pixon-based methods were divided into three classes: TPB method, which used from the traditional pixon definition to segment the image; MPB method, which combined the pixon concept and MRF to obtain the segmented image; and WPB method, which segmented the image by a pixon-based approach utilizing the wavelet thresholding algorithm. The chapter was concluded with illustration of experimental results of applying these methods on different standard images.
